#5016 % 5 4 )
2018 4F 8 H

R TR Be 4l

Journal of Fujian University of Technology

Vol.16 No.4
Aug. 2018

SEPEFEAREARBAER MCC1-3-5 &k

4t &
(FEIRPR EARRFER, BE 4N 350001)
WE., A RSB FAZMR LY RMHY MCC Bk (B ERMAEE), 2L TR EAARLLEIEY
K VE4E M5 AL — b K 29 RS MCG1-3-5 Hook GEW T L ik 0 Bkt L % 3 RAXLT A H)
BifEE G AR F R RMRATAE, M LEAFEYGRB, B BENREN, TEARYHHE
Jo RAFAEME T A0 — 20 K 2 R B R AR SR S JE TR i, RIFAEME F A2 20 MM DN F £ 4 &
R, BT EAE RIS T4 A M T RAF LY RBES PR AERE, o RW  ZAEEAR,
I R AR, R Y R MCG1-3-5 Hik Stk R AR 83k
hE SRS 0241.6 XERARERD . A XEHS: 1672-4348(2018)04-0365-07

An MCG1-3-5 algorithm for heterogeneous constrained solutions
of matrix equations
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(School of Applied Technology, Fujian University of Technology, Fuzhou 350001, China)

Abstract: Based on the modified conjugate gradient method ( MCG) for the same constrained solutions of line-
ar matrix equations, a modified conjugate method MCG1-3-5 was established for heterogeneous constrained
solutions of linear matrix equations with multiple unknown matrices. The convergence of this algorithm was also
proved. This algorithm can not only judge the existence of heterogeneous constrained solutions of matrix equa-
tions, but also obtain a set of such solutions within finite iterative steps in the absence of round off errors when
there do exist heterogeneous constrained solutions. When a special initial matrix is selected, the heterogeneous
constrained solution with a minimal norm can be obtained for the matrix equations. Meanwhile, the optimal ap-
proximation of the given matrix can be obtained in the set of the above-mentioned solutions. The example shows
that the method is quite effective.

Keywords: linear matrix equations; heterogeneous constrained matrices; modified conjugate gradient method

1-3-5(MCG1-3-5) ; convergence; optimal approximation

FEFET AR T A L o SR s Foe L R B SE A Sr T OR MU R M 2 A R

PRBHIRIE | [ Bha i PSS AR A S
H T80 S B AN 5 e Bl R S0 O A B AT
BAE 1 22 [l U i #0325 5l A Ak Sk SR O oy
(2H) WARARIR, BT 3R O RUT K25
F1 Dehghan 25 HEST T >R SR B FDBUAR 15 [ 7 i
(41) RIZE L AR AR L0 L BT A

Wk H 1. 2018-05-15

SRUH . TR B E PHEIE I H (GB-RJ-17-65)

IR SR AR R ALY EAER
iR HEL T R L A0 S R LTSRN FR A | PO X RRARE |
S S SR FE R D AR 3 AR AR5 fE
B, B2 30K [ T-10 ], HE SrsR HSR IR Y
e AV REN

VEF TR R 22 (1983~) 58 V0P S a N\ PR At IF 5807 1) < Ry



366 fRE TS

1 MR H
FR™" 2 m x n LA RS ,A Q@ BER

5% A 5 B 11 Kronecker F,vec(A) F27 45 Ff
A SEATRL E A R 91 ) i E LRI A 5 B
NN [A,B] = w(A'B), H IS 1A M
Frobenius {0 ||A ||= VA ,A]. fEARCHIE K 0,
BN FRIEFE LS, 0 AR P ORI RIS,
O REAREEESG ¥X e Q,,Y € 2,,Z € 0
W ICVE(X,Y,Z) e 0, JFFR(X,Y,Z) R
1 -3-5/k%,
ARSI B 7 FR
AXB, + C,YD, + E,ZF, =G,
AXB, + C,YD, + E,ZF, = G,
(1) 51 ] 7
M 1 %% A,CLE, ,B,D, F, G, ¢
R™(i=1,2),KX € 2,,Y € Q,,Z € O, fi15

(1)

2
Y |AXB, + C,YD, + E.ZF, - G,||= min

=1

Ml hE X0, Y,z € RS,
w1 fES R(X,Y,Z) e S, ffifS

X X X X

Y=Y = min [|¥|-|¥®

R o (X,Y,Z) eSg 7 o

7 Z Z

1.1 Skfgia@ I s EE
Bl¥Fi0 S, ¢.(X,Y,Z) = AXB, + C.YD, +
EZF, (i=1,2)

R.=G.- (AXB,+CYD.+EZF,) (i=1,2)

AR B| +A;R,B, (R, ,R,)
lef
f(R,,R,)= |CIRD] + CiR,D} | = | /(R, .R,)
E'RF' +ER,F, J(R,R,)
X,Y,Z G
G(X,Y.,Z) = (gl( >J ,G:[ ]
gZ(X7Y’Z) GZ

HfPe R, P =P,P =1
BIF I HIEL R (MCGL - 3 - 5 8%:)

F1 EEAIGHE(X,Y,Z) € 2,
Ek: = l,ﬂ‘ﬁ

R =G _g(X(H Yy ,zMm) _del

R
[RE”J ’

AR 16 4%
RV
~ def | ~

R =f(R" R")==|R."
R\"

kil) + (kil))T po

1
1]~ ~ def
Q= R)" +SR,’S P’
P’

k’;]) + P(k’;]) )[P
¥24 ¥R =0HR, 0T Q, =0 %I,
w5

. xU+D X pi’”

HRk | k1 k (k

ak = > ( ) Y( ) + ”’k I)2 )
||QA H Z(“l) Z(k) Pék)

X R(k+1)
_ k+1) (k+1) (k+1) def 1
Rk+1 _G_g(X< 9Y 7Z ) [ j

R(k+1)
2
k’(kﬂ)
1
~ ) ) def |
R, ., :f(Rf“1> ,R;“”) —_— R;“l) ,
k(ml)
3
L
=
IR,
k§k+l) + <k§k+1))T
I ~
(L :7 R;“l) + SRékH)S +

RV + P (R“D)'P
P
Py
P{Y
34 Bhk=k+ 1,24,
UL MCGL - 3 - 5 Sk g (X,
Y® ZWY e o, (PP, PP PP e,
TS MCGL - 3 — 5 B A REAYE R JiF
Bl MCG1 - 3 - 5 kA R R R IR,

def

B Q.

PERE 1 MCG1 - 3 — S BRI RN R,
VINATE X, Y, Z W2



Hal MRt ZE . ST PR F R A TR R MCG1-3-5 34.3% 367
w(R'g(X,Y,Z2))=u(|Y| R)
7 Eikﬂ) i (kiun)'r

WERH R R 30 R B R

r((RV)'AXB))= tr((B,)"'X" (A)'R")=
w(X" (A" RG), (B)"), HILAT DU
X\ "(AIR"B,
tr((R\")"g,(X,Y,Z))=u|| Y| |CIR\"D]
Z ETRV)FT
AR} B,
CIR\"D]
ER\"F)

r((Ry")"g,(X,Y,Z)) =tr

N~

x\"
i (R'g(X,Y,Z)) = tr[{Y f(R" R )J_

Z
0’
tr| | Y kl.
Z

otk 1 A AL e(Rg(PY P PY)) =

w(Q R).
PERL2 M= 20, MCG1 - 3 - 5 & Ed
Q. R, i

w(QI Q) =t(Q'R) +B,,tr(Q' Q)
WEB O, € 0, 35 RS R
LIgt:!

(@ (R)") =t (Q, (R)") =uw(Q'R)),

= tr(Q R)

(R
(]| s (RY)"s |) = (P (R +
P(RY)'P
(P{)' (RY)'S S" +

(P)" (RY)'PP") =1r(Q'R)

1o ~ .
tr( Q! Q) Ztr(Q,;T(? ROV +§ (RM0)yTs |+
kgkn) +P (kgkn))'rp

B0 ) =u(Q R) +B t(Q Q)

PR3 4T MCG1-3-5 Bk I R,
0, MR, 4

tr(R,\R) =t (R'R)) - a,r(Q R))

B MCG1 - 3 - 5 B

g(X(jH) ,Y(/'H) ,Z(/‘H) ) — g(X(j) ,Y(j> ’Z(j)) +
ag(P Py PJ)
Fﬁuﬁ G - g(X('M) ’Y(j+1> ’Z<j+l>> =G - g(Xm ,
Y(j) ,Z(j> ) _ ajg<Pij> ,P;j) ,P;j) )
W R, =R -ag(P) Py PY) St a1

uw(R'R,,)= w(R'R) - at(R g(P Py P))=

tr(R:.er) - a/tr(QjT IE)

PER 4 k=2, % MCG1 -3 - 5HEFR
SR R, FIQ, A
uw(R/R,) =0,u(Q! Q) =0,
(i#j,i,j=1,23 k) (2)

FEM] PR 2 BIEEE, TTIEA w(Q'
R) =u(Q' Q) 4541 3 s
tr(R'{R2> = tr(R'le) - al“(QT k/l) =
IR, |P
1o, |I?
FIFHME R 1 FIEGR 2 AT
r(Q1Q,) =tr(QI'R,) +B,r(Q[Q,) =
u(Ryg (P, Py" PV +B,u(Q1Q,) =

lo,IF IR, P
IR, "R, 2120 =0
1 1

B k=s(s=2) B, (2) Bz, W2 k=5 +
1(s =2) B, A/

w(R'R.,,)=t(R'R) —atr(Q'R) =

r(RR,) —air(Q(Q, -B,_,0,,))=

R[> .
IR, |* - |Q> |||2tr<Q.JQ.§> +B,,ar(0,0,,)=0

IR, [* - lg,l* =0

tuw(Ry(R, - R,))




368 FRHE AR

w(Q'Q,.,)=w(Q"R,,) +B(Q'Q,) =
tr(R",g(P” ,PY ,PY)) +Br(Q'Q,) =
ol . IR, P
—tr(R,, (R, - R, + (0,0, =0
TARR D 2
\i'[] =1 HTJ‘, %Q:E]EJ"‘:IH tI‘(ij-IvRerl) = 0,

w(Q'Q,,)=0,%=2,34, - 14
w(RR,,)=tr(RR) - astr(Qfﬁj) =
tr(R]'.['RA_) - a,tr(Q)( 0 -B.,0.,))=0

w(Q'Q.,) =tr(Q'R,,,) +Bw(Q'Q,) =
(R, g(PY ,PY PY)) =

lo,I?
S (R(R - R,.,)) =
o (R R
lo, 1
”Rsz(tr(RE‘fle) - tI"(RsTnRjH)) =0
J

FTLAY k=5 + 1, (2) XBHGL, HIEgE
JREEA A1 <j < i< ki, (2) 2o, AR
0 (41 B R R B 4 ST

MRS W(X,Y,Z) 2R 1 WiEE—4
fift, M MCG1 - 3 = STREAG AR X Y
z".,0, &R, Wi

X _X(k)
w(Q| Y -¥*" =R (k=1,23")
z-z"
(3)
WEW] 2 k=110, i
X -x"
r(Qi| Y -Y"|)=
z-z"
X -x
wl /(R RN Y -y || =
z-z"

r(Rig(X -X"V ) y-y"V zZ-2"))=
w(Ri(g(X,Y,Z) - g(X" ¥".2))) =
t(R(G - g(XV ¥, 27))) = |R,[?
BB, =5 k=i(i=2) i, (3) 2L, W k=it
1 A,
X_X(i+l)
tr QL[+1 y — yU+h
Z _Z(i+l)

i #1665
X _ X(i+l)
tr fT(REHI) ’R;Hl)) Y - Y(i+1) +
Z _ Z(Hl)
X-X" -qpP"
Bitr Q;T Y -Y" - a{_Pé” =
zZ-72" -apPy
X -x©
tr(RiTJrlRiH) +Bi[tr(QiT Y -y ) =
z-z"
P’
atr(Q!| Py )] =u(RI,R,,) +
Py’

Bliw(Q/aQ) —air(Q/Q)] =

(R, R, =R, [P

A VA AN R T A 5 AT,

Mg 1 R 1A, W H MCG1-3-5 5
AR P R R, # 0,84 Q, #
0(i=1,2,3,-),

AR w1 A MR R R G HE E
(X", y" .2V e 0, ,MCG1 -3 - 55 kn]
AR AR 1 —d g, BAERE T
B M—HAR 1 -3 -5 i,

WEB] B R, # 0(i=1,2,--,2n%) Wi
W1HQ, #0(i=1,2,--,2n") , ifiH MCG1 -3
-5 ﬁ%ﬂu*ﬁ%()((z"zﬂ) ’Y(2n2+l) ’Z(2n2+l)) ﬂ]
R,..  HVER 4 % (R, R)=0(i=1,2,-,
2n°) o A r(RIR) = 0(i,j = 1,2, 2n%;i #
J) B R, R, R, & 2n* HEFE 25 0] R () —
HIFAEHE, T R,,0,, = O, B RE T 1,

ERL2 M | AHAEN B R, T
MCG1 - 3 - 5 FIE P AEE A k(R R, # 0,11
PY =0,i=1,2,3,

IR BT A e R ,b e R™ 54
PEIT R Ax = b AR, Ax = b BT/ N B ME
—, BAR/NEERTE R(AY) w1, i7E R(A") Hh H
A Ax = b BI—"#,

ER3 WA T A SMEENH, H, e
R IR FE
X
yoo | =
70



54

MRt ZE . 56 E 7 FRel SR A i 1 MCG1-3-5 Bk 369

ATH,B) + B,H/A, + A H,B} + B,H’A,

C/HD| + C;H,D} + S(CIH,D| + C;H,D})S | (4)

E/H F| + E;H,F) + P(E\H,F| + E;H,F))P
M MCG1-3-5 Sk A e A BRAD T8 5 15 3] 7] @
1 AR PE— A /N R A | BIVRE B 7 R4 (1) 1Y i —
W/ NEEAHR 1-3-5 i,
1.2 6@ I ff%

Ml EIARAS R, RS S, 462, (X, Y,

Z) e S, , BRI RO FRAR FE Y 1SS A

2

X X, ? X X0+Xg
{Y}— Y, || = Y—%Y0+Yg +
Z) \Z, 4 Z,+Z,
X -x,)
-y,
Zg_zo

%K:%U$+ﬂ%m¢bﬁﬁﬁﬁﬁ$b

TG B 1 1 A2 PR
X X +x) 0 |x X, +x0) °
J—l Y,+Y' || = {YJ—1K+SKS +
2 2 -

Z Z,+7Z, z Z, +Z,
[0 2
—|SKS - K
2

o

éT=%%%+ZDJ£Eﬁﬁ@5ﬁEﬁﬁ

W B TEAS M
X X +x)\ " |rx X, + x|
Y]—;K+SKS = {Y}—;IQ.SKS +
Z Z, +Z, Z T + PTP

2

1[ : J
— o

2

PTP - T

TSR a1 TT Rt TR (X,Y,Z) e S, (iif5

X | X, + X,

Y|~ 5| K+SKS||=
- T + PTP

Z

X X, +X!
min {Y};K+SKS (X,Y,Z) € S,
v/ T + PTP

é\

ol

X ] X, + X,

=Y —?K+SKS

~ VA T + PTP
Z

~ 1
G =G, - ?(Ai(XO +X,)B, + C.(K + SKS)

=~

D, +E(T + PTP)F,)  (i=1,2)
TN SRR figg T R0 1 28 0 TR AR R D7 #21
AXB, +CYD, +E,JF. =G, (i=1,2)
(5)
B INEE LR 1-3-5ff (X*,Y",Z") .,
M (4) BRI, MCG1 -3 - 5
LG B A B 7 FE A (5) A9 M — A /)N 1 K0

(X°,Y",Z"), s s im0 ek

P>
it

| X, + X}
Y=y + | K+ SKS (6)
A T + PTP
YA zZ*
2 HEHEG

TELE R BN DR ARG DE () [n] (v | 5 23R =40
A o 18 A I R AL ) 240 R ik I L e o e 3 )
Ny N
XA, +YB, +ZC, =W,
XA, +YB, +ZC, = W, 7
FHASSCHE ST B MCG1 -3 -5 2836 R 40 [ 5 7
H(T)—HAH 1-3-5 it A/ NER A TR 1-3
-5 fift, IFFE S, FORGAEME X0, Y ,Z20 €
R™" [ fe A i, o

2 -6 -3 3 .. 3
-2 2 -6 -3 .
4 - 2 -2 : .3
: 2 2 -6 -3 ’
-2 2 -6
3 3 2 -2 2

4nx4n



370

R TR B4l

9416 %

1 2 2 2 2 =5 Bk, PORASHE M 7 R AL () AR/ NS 2R
2 1 2 2 : 1-3=5 fif  THEEI ] (s) EACRE S PriR 22 &
B - 2002 e e T2 FRFE R PO RN ER 2,
N ) 12 2 2 BINEHAR1-3-5 BRI EER
. .2 1 2 Tab.2 Results of constrained matrices 1-3—-5 with a
2. ) o) 2 1) s minimal norm
3 -5 3 2 ) 4n IR BAREC SEPRIRE BEMEE
-1 3 -5 3 . 8 0.020 2 312 8.747 1e-10 113.183 4
5 . . > 12 0.109 1 1113  8.808 3e—10  243.455 3
C = ) ) 3 _s 3 R 16 0.247 6 2538 9.990 2e-10  329.486 3
. 20 0.631 3 4801 9.706 6e-10  533.4250
: . . -1 3 -5
2 22 -1 3 ) NVEEMMEXY =4, +C,,Y” =B, -1, ,
21 -1 38 8 Z)” = A, + B, XM RL (7) WUOWIIG A B
29 _29 — 8 XLV Z80 (2) MR RE I MCGL -3
=, 5 o -5 FrpsR A INE R 1-3-5 fif, B3t (6)
. —9 2 ARG LR EFEMETE S, h i B AR IE TR R, THAR0 IS
. s 2 o 1) 2 QUL 122 A P 0 3 1%

4nx4n
B,=-C,,C,=B,X, = <xij>4n><4n’

X, =2 (2)) oy = 1,8 = 107 (L IRMEN])
W =XA, +XB, +X,C,,
W,=XA,+XB, +X C,

1) PEBHIRLYA 1-3-5 HFE X = X,,¥)" =
z" =1, , B MCG1-3-5 BRI HRE 5 72
H(7) W—HA R 1-3-5 f, A5 mHE] (s) AR
OB S B i 2 DA R 4 B 1) a8 2 R n 3k 1
( Matlab %% 2014 2, PIV3.0GHZ #HL, FIA) .
£1 ARI1-3-5FHHEER

Tab.1 Results of constrained matrices 1-3—5

ZELRINE 3,
*3 HKEEENREEBLEENITESER
Tab.3 Results of the optimal approximation matrix of

the given matrix

4n EEE/s BOKE hrikZE EiRE
g 00197 308  8.0313e-10 119.880 3
12 0.0903 1125 8.259 6e-10  257.258 2
16 02588 2567 7.699 2e-10  350.397 5
20 06320 4818 9.8079e-10  558.534 8
3 #ig

4n HRRSEs AR SCBRIRZE R
8  0.0204 309 9.051 Se-10  113.188 9
12 0.0952 1110 9.101 0e=10  243.462 7
16 02687 2545 09.7437e-10  329.488 8
20 0.6665 4793 9.421 3e-10  533.4272

2)fEX (4 H, = (aij>4n><4n’H2 = 2H,,
a; = 1, BEIHILRZI R 1-3-5 HHFE, #% ] MCG1-3

S 3K

HA ISR 3 AR RE ARG R R 2R Y
AR I EACIE T MCG1-3-5, 2% 3R e 1t 56 W4
TR [F) 2 2 A A 1 226 ARk B 30 8 IR R T
F W [y AR AL 1) S S A SR i S S A AR i HLEL
A RIS BUE B BRI R R T
() o 308 e B AT A R e A e AN RO
FRANEL, R AL A 52, T DA 7 SR H At
T FRAL I S 2R A A A (AR

(1] BCF, JaAcle, BRoRR. JEFFTREA'XB + B'X'A = D WS/ MR/ S iyt R0E )] RS E Rt a8y

224, 2008, 30(4) : 352-362.

[2] FRUT, skELBE. SR AL B LM O B AL A SO i EARRIL )] BEH - SiHRPLN AL, 2010, 31(1) ; 39-54



Hal MRt ZE . ST PR F R A TR R MCG1-3-5 34.3% 371

[3] DEHGHAN M, HAJARIAN M. An iterative method for solving the generalized coupled sylvester matrix equations over gener-
alized bisymmetric matrices[ J]. Applied Mathematical Modeling, 2009, 34(3) : 639-654.

(4] 5KEIBE, 3K SR— BV M7 REXT AR A LA BE vk [ 1], W S5 2RO F B =40, 2011, 33(3): 215
-224.

[5] ik, JE, ZKHT. KA MR — Rk AL [T, WL 224k ( B RBM =) , 2017,37(1) :61-66.

(6] HFHE, MM, SR, BARBORMA R AXB + CYD = E [J]. BU#FE S5, 2016, 36(1) : 61-72.

(7] s A, SREUBE. RRIR XU 1 AR 5 e 2 S 2R LY (9 MCG iR [J]. g4k 2012, 32(4) : 649-657.

(8] BRI, sKELBE. 220 R Ry R S A R A B IE AL Bk [ 1] TR #7412, 2012, 29(1) : 112-116.

[9] 2=, sklbe, XM, —MEM R RANRM S LS MAERIIE[T]. mR N -3, 2012, 27(3) : 313

-324.
[10] XUme, FRPLBE. AR LMES —Fp S22 i/ R MRAY MCG k[ )], B A4, 2011, 34(5) ; 938
-948.

[11] 3kELRE, b, BoEAEM]. 2 . dbs. Bl iR, 2010.

(REHRE: FE

(L% 360 W)

S 3K
(1] ABEN. e RS R RER AL MRS AL [ J]. SIREAPRME R, 2008, 5(4): 17-19.

]

(2] ZEshds, JR, Bk, 5. JCHEIL R IR RFIARIESE[ 1], (22t g, 2007, 19(4) : 454-477.

[3] ZPheR. %A HEERBORE XHEERIPTFE [ D], SR HERRY:, 2006: 1-5.

[4] T4k, 52 R RS QB B LBA X K[ T]. HRRHE, 2010, 26(9) : 90-91.

[5] K35, BRJESC, W], 55 B s a8 WS R Bed=dil o B[ 0], MARBI1L, 2010(4) : 6-9.

[6] ZHANG J, WU J, LU P, et al. The effect of pH on synthesis of BiOCl and its photocatalytic oxidization performance[ J ].
Materials Letters, 2017, 186 353-356.

[7] SUNJ F, WANG J Q, LI Z P, et al. Assembly and electrochemical properties of novel alkaline rechargeable Ni/Bi battery
using Ni(OH), and (BiO),CO,( OH), microspheres as electrode materials[ J]. Journal of Power Sources, 2015, 274.
1070-1075.

[8] JIANG J, ZHAO K, XIAO X Y, et al. Synthesis and facet-dependent photoreactivity of BiOCI single-crystalline nanosheets
[J]. Jouranl of American Chemical Society, 2013, 134(10) ; 4473-4476.

[9] LIU H M, YE HJ, LIAN Z W. Experimental study of photocatalytic oxidation of formaldehyde and its by-products[ J]. Re-
search on Chemical Intermediates, 2006, 32(1): 9-16.

(FFAREE . B RKH)





